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Objective
I Predicting fruit weight at harvest time based on observations
early in the growing season
I Using nonlinear growth models to describe the expected weights
I Bayesian modelling, using historical data and prior information
(expert knowledge)
The Richards Growth Curve










I α denotes the final size
I the point of inflection is determined by f = αδ
1
1−δ
I κ acts as a scale parameter on x
The Richards Growth Curve
Jorgensen [1981, The New Zealand Statistician 16:5-15] found the solution
f (x) = α
[




I δ 6= 1
I for δ < 1 the restriction (1− δ)eκγ ≤ 1 is required to ensure
that 0 ≤ f ≤ α
I x = γ is the location of the inflection point
Growth Curves
It is easy to see that this parameterisation includes several popular
growth curves, with the
I logistic model at δ = 2,
I the Gompertz model at lim δ → 1,
I the von Bertalanffy model at δ = 23 ,











Discriminating between monomolecular-type models and curves,
which asymptotically approach 0.
f1(x |·) = α1
[
1 + (δ1 − 1)e−κ1(x−γ1)
] 1





1 + (δ2 − 1)e−κ2(x−γ2)
] 1
1−δ2 for − 1 < δ2 < 1 ∧ x > γ2
0 otherwise
Advantages:
I f (x) not defined at δ = 1
I f2(x) more complicated to fit with additional constraints
Disadvantages:
I Two instead of one model
Bayesian Model
Given a sample (yi , xi) with i ∈ {1, 2, . . . ,N}, we assume the
Bayesian model
yi |xi , α, δ, κ, γ ∼ N
(
f (xi |·), σ2
)
with either the parameters of f1 or f2.






































Predictive stacking with exact leave-one-out cross-validation,
selecting the ‘best’ model as the model with the largest estimated
weight.
Stacking of point estimates
The stacking weights for k = 1, . . . ,K models are obtained by
minimising the mean squared error








ωk f̂ (−i)k (xi)
)2
Stacking of predictive distributions (Yao et al. 2018)










ωkp (yi |y−i ,Mk)
Simulation Study
Estimating model weights for an arbitrary choice of parameter
values, varying δ.
Set of three models:
I f1(x)
I f2(x)
I f (x |δ = 2) (logistic curve)
Settings:
I N = 10
I 1000 replications for each δ
I one chain with 10000 iterations












−1 < delta < 1 delta > 1

















A Double Richards Curve
We can assume that some fruit growth follows a double sigmoidal
function, with a rest phase in-between, i.e. see Coombe and
McCarthy (2000).
Two Richards curves can be combined by
f (t; ·) = f (1)(t; ·) + f (2)(t; ·)
where f (i)(t; ·) is the Richards curve representing the first or second
growth phase.
Data Example
Grape bunch weight was observed at the Rowley Crescent vineyard,
Wairau Plains, Marlborough, New Zealand.
I weekly samples over the growing period 2017/18
I a subset of the data with apical bunches
















Phase I Phase II Model weight
δ > 1 −1 < δ < 1 0.292
δ > 1 δ = 2 0.247
δ > 1 δ > 1 0.244
−1 < δ < 1 δ > 1 0.175
−1 < δ < 1 δ = 2 0.039
δ = 2 −1 < δ < 1 0.004
−1 < δ < 0 −1 < δ < 1 0.000
δ = 2 δ > 1 0.000
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